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Abstract
In this paper we present the study of the scalar cosmological per-
turbations of a single field inflationary model up to first order in
deviation. The Christoffel symbols and the tensorial quantities are
calculated explicitly in function of the cosmic time t. The Einstein
equations are solved up-to first order in deviation and the scalar per-
turbations equation is derived.
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1 Introduction
The inflationary theory was proposed in 1981 by Alan Guth [1] as a solution
to the problems of the Big Bang theory. The inflation is defined as a period of
evolution of the Universe where the expansion was accelerated, so a¨(t) > 0,
being a(t) the scale factor. The fundamental characteristic of this theory
is a period of expansion extremely fast in a very short period of time that
happened when the Universe was extremely young [2]. The condition for
inflation also can be written as p < −ρ
3
, so to produces inflation we need
matter with the property of having negative pressure. A matter that has
this property is a scalar field φ, called inflaton. The scalar field has associate
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a density of energy ρ(t) and a potential V (φ), so when the potential V (φ)
dominates over the kinetic term φ˙2 we have inflation. This is possible if you
have a sufficiently flat potential, as for example the Starobinsky potential.
Figure (1) shows the Starobinsky potential V (φ) = M4
(
1− e
√
2/3φ/MPl
)2
[3], which is the inflationary model supported by the currently observations
[4] of the Planck satellite.
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Figure 1: The Starobinsky inflationary model.
The observations of the CMB indicate that the universe was extremely
homogeneous and isotropic in early ages. If the universe was so homoge-
neous? Where did galaxies form? It is assumed that there were small pri-
mordial perturbations that grew in amplitude due to gravitational instability
to form the structures observed today. Although, at first stage, the inflation-
ary cosmology solved the fine-tuning problems of the Hot Big Bang model,
its most important property is that produces a spectrum of density perturba-
tions or scalar perturbations which are responsible for galaxy formation and
CMB anisotropies. So, it was realized that inflation can explain the large
scale structure of the Universe [5]. In fact, this theory points that quantum
vacuum fluctuations are stretched by inflation, to then being a seed of per-
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turbations, which will form the large scale structure of the Universe through
gravitational instability. Even more, most models of inflation predicts that
the power spectrum of perturbations must be almost scale invariant. Mea-
surements on the CMB radiation done by Planck mission have tested the
success of this prediction, and so the importance of Inflation [4].
Perturbations during inflation can be studied through the theory of cos-
mological perturbations; mathematically this is reduced to solve the Einstein
equations up-to first order over a background, an expanding homogeneous
universe describes for the FRW metric for a flat universe and characterized
for a scale factor a(t). One of the first works about the theory of cosmolog-
ical perturbations was done by Bardeen [6] then, it was studied extensively
by Kodama and Sasaki [7] and, by Mukhanov et al. [8]. Deruelle et al.
made a briefly revision on classical and quantum perturbations. Later some
authors are discussed about the quantum origin of the cosmological perturba-
tions [9, 10, 11]. In the last years these theory have been revised by several
authors, up-to first order in deviation [12, 13, 14], up-to second order in
deviation [15, 16, 17] and, up-to third order in deviation [18].
The motivation of this article is to show explicitly the calculation of the
Christoffel symbols and the tensorial quantities in terms of the cosmic time t
for the perturbed metric. Although the linearization procedure is well-known
from the literature on Cosmology, the explicit calculations are not shown, so
this article serves as a new source for students who are studying this topic
for the first time.
In the following the Einstein summation convention is used. Greek indices
run from 0 to 3, and Latin indexes run from 1 to 3. The signature of the
metric gµν is given by (−,+,+,+). Dot (x˙) denotes differentiation with
respect to the cosmic time t, and primes (x
′
) differentiation with respect to
the conformal time η. It is possible to go from time to conformal time using
dt = adη. We will only keep the terms up-to first order in approximation,
i.e., linear in Φ and Ψ.
In section 2 we discuss the background equations in inflation. In section 3
we specify the line element for scalar perturbations, we calculated explicitly
the Christoffel symbols and the tensorial quantities up-to first order in devi-
ation. Section 4 is devoted to derive the equation for scalar perturbations.
Finally, in section 5 we present our conclusions.
3
2 Background equations of motion
The line element of a homogeneous, isotropic and spatially flat universe is
given by the Friedmann-Robertson-Walker metric, which is given by
ds2 = −dt2 + a2δijdxidxj . (1)
From the FRW metric using the Einstein field equations we can obtain
the background equations of motion, which are later used to study scalar
perturbations. The starting point are the Friedmann equation for a flat
universe without cosmological constant Eq. (2) and, the continuity equation
Eq. (3) (
a˙
a
)2
=
8piG
3
ρ, (2)
ρ˙ = −3 a˙
a
(ρ+ P ). (3)
P and ρ must be express in terms of a single scalar field (inflaton) and its
potential through [2],
ρ =
1
2
ϕ˙20 + V (ϕ0), (4)
P =
1
2
ϕ˙20 − V (ϕ0), (5)
where the potential V (ϕ0) specifies the model of inflation used. Replacing
(4) and (5) in equations (2) and (3) results in the two background equations
H2 = l2
[
1
2
ϕ˙0
2 + V (ϕ0)
]
, (6)
and,
ϕ¨0 + 3Hϕ˙0 + V,ϕ0 = 0, (7)
where, l2 = 8piG/3, H = a˙/a, and V,ϕ0 represents differentiation of the potential
with respect to ϕ0.
Differentiating Eq. (6) with respect to time gives,
2HH˙ = l2(ϕ˙0ϕ¨0 + V,ϕ0ϕ˙0), (8)
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multiplying Eq. (7) by ϕ˙0 results in
ϕ˙0ϕ¨0 + 3Hϕ˙0
2 + ϕ˙0V,ϕ0 = 0. (9)
Subtracting Eqs. (8) and (9) yields to
H˙ = −3
2
l2ϕ˙0
2, (10)
which in conformal time is
H2 −H′ = 3
2
l2ϕ′20 . (11)
3 Scalar Perturbations up-to first order
We are going to consider perturbations around the FRW universe under
the longitudinal gauge, also known as conformal Newtonian gauge. The
corresponding line element is given by,
ds2 = − [1 + 2Φ(t,x)] dt2 + a2 [1− 2Ψ(t,x)] δijdxidxj , (12)
where Φ(t,x) corresponds to the Newtonian potential and Ψ(t,x) to the
perturbation of the spatial curvature. Under this gauge Φ and Ψ are gauge
invariant variables [8], and in absence of them equation (12) is reduced to
the FRW line element (1).
We have to solve the linearized Einstein equation in order to find the
equation of perturbations, which is given by
δGµν ≡ δRµν −
1
2
δµν δR = 8piGδT µν , (13)
where δGµν is the perturbed Einstein tensor, δT
µ
ν is the perturbed energy-
momentum tensor, δRµν is the perturbed Ricci tensor, g
µ
ν is the metric tensor,
and δR is the perturbed Ricci scalar.
3.1 The metric
From Eq. (12) the metric considering perturbations is given by,
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gµν =


−1− 2Φ(t,x) 0 0 0
0 a2[1− 2Ψ(t,x)] 0 0
0 0 a2[1− 2Ψ(t,x)] 0
0 0 0 a2[1− 2Ψ(t,x)]

 .
(14)
The {00} covariant component of the perturbed metric (14) is given by,
g00 = −1− 2Φ. (15)
The {ii} covariant components becomes,
gii = a
2(1− 2Ψ). (16)
As the covariant metric gµν is a diagonal matrix the contravariant met-
ric gµν is given by the inverse of each component. The {00} contravariant
component of the perturbed metric (14) is given by,
g00 = − 1
1 + 2Φ
∼ −1 + 2Φ. (17)
The {ii} contravariant components becomes,
gii =
1
a2(1− 2Ψ) ∼
1
a2
(1 + 2Ψ). (18)
3.2 Christoffel Symbols
The Christoffel symbols are given by [19],
Γαµν =
1
2
gαβ (gβµ,ν + gβν,µ − gµν,β) . (19)
We are going to calculate all the Christoffel Symbols for the perturbed metric
(14). In the following calculation we remain the terms up-to first-order, so
we discard terms like ΦΦ,0, ΦΦ,i, being the time-time compontent:
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Γ000 =
1
2
g00g00,0,
=
1
2
(−1 + 2Φ) (−2Φ,0) ,
∼ Φ,0. (20)
The space-time components,
Γ00i = Γ
0
i0,
=
1
2
g00g00,i,
=
1
2
(−1 + 2Φ) (−2Φ,i) ,
∼ Φ,i. (21)
Γ0ij = Γ
0
ji,
=
1
2
g00 (−gij,0) ,
= −1
2
δij (−1 + 2Φ)
[
a2 (1− 2Ψ)]
,0
,
∼ δija2 [H − 2H (Ψ + Φ)−Ψ,0] ,
where H = a˙/a.
Γi00 =
1
2
gij (−g00,j) ,
=
1
2
δija
−2 (1 + 2Ψ) (2Φ,i) ,
∼ δija−2Φ,i. (22)
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Γij0 = Γ
i
0j
=
1
2
gik (gjk,0) ,
=
1
2
δija
−2 (1 + 2Ψ)
[
a2 (1− 2Ψ)]
,0
,
∼ δij(H −Ψ,0). (23)
Γijk =
1
2
gil (gjl,k + gkl,j − gjk,l) ,
=
1
2
a−2 (1 + 2Ψ)
[
δija
2 (1− 2Ψ),k + δika2(1− 2Ψ),j − δjka2 (1− 2Ψ),i
]
,
= (1 + 2Ψ) (−δijΨ,k − δikΨ,j + δjkΨ,i) ,
∼ −δijΨ,k − δikΨ,j + δjkΨ,i. (24)
3.3 The Ricci tensor
The Ricci tensor is defined as [19]:
Rβν = Γ
µ
βν,µ − Γµβµ,ν + ΓµσµΓσβν − ΓµσνΓσβµ. (25)
For the calculation of the components of the Ricci tensor is useful to
consider
H = a
′
a
; H =
H
a
;
a¨
a
=
H′
a2
. (26)
The time-time component of the perturbed Ricci tensor is
R00 = Γ
µ
00,µ − Γµ0µ,0 + ΓµσµΓσ00 − Γµσ0Γσ0µ,
= Γi00,i − Γi0i,0 + Γi0iΓ000 − Γi00Γ00i + ΓijiΓj00 − Γij0Γj0i,
= a−2Φ,ii − 3
(
a¨
a
−H2 −Ψ,00
)
+ 3HΦ,0 − 3
(
H2 − 2HΨ,0
)
.
δR00 =
Φ,ii
a2
+ 3Ψ,00 + 3H (Φ,0 + 2Ψ,0) ,
= a−2
[∇2Φ + 3Ψ′′ + 3H (Φ′ +Ψ′)] .
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The time-space component of the perturbed Ricci tensor is
R0i = Γ
µ
0i,µ − Γµ0µ,i + ΓµσµΓσ0i − ΓµσiΓσ0µ,
= Γ00i,0 − Γ000,i + Γj0i,j − Γj0j,i + Γj0jΓ00i − Γj0iΓ00j + Γ0k0Γk0i − Γ0kiΓk00
+ ΓjkjΓ
k
0i − ΓjkiΓk0j ,
= Φ˙,i − Φ˙,i + δij
(
H − Ψ˙
)
,i
− δij
(
H − Ψ˙
)
,i
+ δij
(
H − Ψ˙
)
Φ,i
− δij
(
H − Ψ˙
)
Φ,j + δikΦk
(
H − Ψ˙
)
− δki
[
H − 2H (Φ + Ψ)− Ψ˙
]
Φ,k
+ (−δjkΨ,j − δijΨ,i + δijΨ,j)
(
H − Ψ˙
)
− (−δkkΨ,i − δkiΨ,k + δkiΨ,k)
(
H − Ψ˙
)
δR0i = 2
(
Ψ˙,i +HΦ,i
)
=
2
a
(
Ψ′,i +HΦ,i
)
. (27)
The space-space component of the perturbed Ricci tensor is
Rij = Γ
µ
ij,µ − Γµiµ,j + ΓµσµΓσij − ΓµσjΓσiµ
= Γ0ij,0 + Γ
k
ij,k − Γ0i0,j − Γkik,j + Γ000Γ0ij + Γk0kΓ0ij − Γ0kjΓki0 − Γk0jΓ0ik
= δija
2
{
H2 − 2H2(Φ + Ψ)− 4HΨ˙ + a¨
a
[1− 2(Φ + Ψ)]− 2HΦ˙− Ψ¨
}
− 2Ψ,ij + δijΨ,kk − Φ,ij + 3Ψ,ij + δija2HΦ˙ + δija2
[
H2 − 2H2(Φ + Ψ)− 2HΨ˙
]
= δija
2
{
a−2∇2Ψ+ a¨
a
[1− 2(Φ + Ψ)]−HΦ˙− Ψ¨ + 2H2 − 4H2(Φ + Ψ)− 6HΨ˙
}
− (Φ−Ψ),ij
= δija
2
{
a−2∇2Ψ+H′[1− 2(Φ + Ψ)]−HΦ′ −Ψ′′ +HΨ′ + 2H2 − 4H2(Φ + Ψ)− 6HΨ′}
− (Φ−Ψ),ij
= δij
{∇2Ψ−Ψ′′ + [1− 2(Φ + Ψ)](H′ + 2H2)−H(Φ′ + 5Ψ′)}− (Φ−Ψ),ij.
(28)
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3.4 The Ricci scalar
The Ricci scalar is defined as [19]
R = gµνRµν . (29)
The first-order perturbed Ricci scalar is
R = g00R00 + gijRij
= (−1 + 2Φ)
[
−3H
′
a2
+
∇2Φ
a2
+ 3Ψ′′ + 3H (Φ′ +Ψ′)
]
+ a−2(1 + 2Ψ)
× {3[∇2Ψ−Ψ′′ + [1− 2(Φ + Ψ)] (H′ + 2H2)−H(Φ′ + 5Ψ′)]− (Φ−Ψ),ii}
= − 2
a2
[
3Ψ′′ +∇2(Φ− 2Ψ) + 3H(Φ′ + 3Ψ′)− 3(H′ +H2) + 6Φ(H′ +H2)] .
(30)
3.5 The Einstein tensor
The Einstein tensor is defined as [19]:
Gµν = R
µ
ν −
1
2
gµνR. (31)
The time-time component of the Einstein tensor is:
G00 = R00 − 1
2
g00R
=
1
a2
[−3H′ +∇2Φ + 3Ψ′′ + 3H(Φ′ +Ψ′)]− (1 + 2Φ)
a2
× [3Ψ′′ +∇2(Φ− 2Ψ) + 3H(Φ′ + 3Ψ′)− 3(H′ +H2) + 6Φ(H′ +H2)]
=
1
a2
[−6HΨ′ + 2∇2Ψ+ 3H2] .
(32)
Then, transforming it to a mixed tensor and linearizing with respect to the
background
10
G00 = g
µ0Gµ0 = g
00G00
= (−1 + 2Φ)a−2 [−6HΨ′ + 2∇2Ψ+ 3H2]
= a−2
[
−3H2 + 6HΨ′ − 2∇2Ψ+ 6H2Φ
]
δG00 = a
−2
[
6HΨ′ − 2∇2Ψ+ 6H2Φ] . (33)
The time-space component of the Einstein tensor is:
G0i = R0i − 1
2
g0iR
= R0i
= 2a−1
(
Ψ′,i +HΦ,i
)
= δR0i.
In this case, all this tensor component is perturbation. Then, turning it
to a mixed tensor,
δG0i = g
µ0Gµi
= g00G0i
= (−1 + 2Φ) 2a−1(Ψ′,i +HΦ,i)
= −2a−1 (Ψ′ +HΦ),i . (34)
The space-space component of the Einstein tensor is:
Gij = Rij − 1
2
gijR
= δij
{−Ψ′′ +∇2Ψ+ [1− 2(Φ + Ψ)](H′ + 2H2)−H(Φ′ + 5Ψ′)}− (Φ−Ψ),ij
+ δij(1− 2Ψ)
[
3Ψ′′ +∇2(Φ− 2Ψ) + 3H(Φ′ + 3Ψ′)− 3(H′ +H2) + 6Φ(H′ +H2)]
= δij
[−(2H′ +H2) + 2Ψ′′ +∇2(Φ−Ψ) + 2(2H′ +H2)(Ψ + Φ) + 2H(Φ′ + 2Ψ′)]
+ (Ψ− Φ),ij.
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Turning it to a mixed tensor and linearizing with respect to the back-
ground
Gij = g
µiGµj
= a−2(1 + 2Ψ){δij[−(2H′ +H2) + 2Ψ′′ +∇2(Φ−Ψ) + 2(2H′ +H2)(Ψ + Φ)
+ 2H(Φ′ + 2Ψ′)] + (Ψ− Φ),ij}
= a−2{δij[−(2H′ +H2) +∇2(Φ−Ψ) + 2Ψ′′ + 2(2H′ +H2)Φ + 2H(Φ′ + 2Ψ′)]
+ (Ψ− Φ),ij}
δGij = a
−2
{
δij [∇2(Φ−Ψ) + 2Ψ′′ + 2(2H′ +H2)Φ + 2H(Φ′ + 2Ψ′)] + (Ψ− Φ),ij
}
.
(35)
3.6 The Energy-Momentum tensor
The energy-momentum tensor for a scalar field is given by [8]
T µν = ∂
µϕ∂νϕ−
[
1
2
∂αϕ∂αϕ+ V
]
δµν . (36)
The form of the perturbed inflaton field is
ϕ(t,x) = ϕ0(t) + δϕ(t,x). (37)
Where, ϕ0(t) represents the background field, and δϕ(t,x) is the linear per-
turbation. And, the potential is expanded around ϕ0 using Taylor expansion
V (ϕ) = V (ϕ0) + (ϕ− ϕ0)V,ϕ = V (ϕ0) + δV,ϕ. (38)
The time-time component of the perturbed energy-momentum tensor is:
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T 00 = ∂
0ϕ∂0ϕ−
[
1
2
∂αϕ∂αϕ+ V (ϕ)
]
δ00
= g00(∂0ϕ)
2 −
{
1
2
[
g00(∂0ϕ)
2
]
+ V (ϕ)
}
= (−1 + 2Φ)(ϕ˙0 + ˙δϕ)2 −
[
1
2
(−1 + 2Φ)(ϕ˙0 + ˙δϕ)2 + V (ϕ)
]
=
1
2
(−1 + 2Φ)(ϕ˙0 + ˙δϕ)2 − V (ϕ)
= − ϕ˙0
2
2
− ϕ˙0 ˙δϕ+ Φϕ˙02 − V (ϕ0)− V,ϕδϕ9
= a−2
[
−ϕ
′2
0
2
− a2V (ϕ0) + Φϕ′20 − ϕ′0δϕ′ − a2δϕV,ϕ
]
. (39)
Linearizing with respect to the background
δT 00 = a
−2
(
Φϕ′20 − ϕ′0δϕ′ − a2δϕV,ϕ
)
. (40)
The time-space component of the perturbed energy-momentum tensor is:
T 0i = ∂
0ϕ∂iϕ−
[
1
2
∂αϕ∂αϕ+ V
]
δi0
= gµ0∂µϕ∂iϕ
= g00∂0ϕδϕ,i
= (−1 + 2Φ)ϕ˙0δϕ,i
= −a−1ϕ′0δϕ,i
= δT 0i . (41)
The space-space component of the perturbed energy-momentum tensor
is:
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T ij = ∂
iϕ∂jϕ−
[
1
2
∂αϕ∂αϕ+ V (ϕ)
]
δij,
= −
[
1
2
(
g0µ∂µϕ∂0ϕ
)
+ V (ϕ)
]
δij
= −
[
1
2
g00∂0ϕ∂0ϕ+ V (ϕ)
]
δij,
= −
[
1
2
(−1 + 2Φ)(ϕ˙0 + ˙δϕ)2 + V (ϕ)
]
δij ,
= δij
[
ϕ˙20
2
− Φϕ˙20 + ϕ˙0 ˙δϕ− V (ϕ0)− δϕV (ϕ),ϕ
]
,
= δija
−2
[
(ϕ
′
0)
2
2
− a2V (ϕ0)− Φ(ϕ′0)2 + ϕ
′
0δϕ
′ − a2δϕV (ϕ),ϕ
]
. (42)
And, linearizing with respect to the background
δT ij =
δij
a2
[
−Φ(ϕ′0)2 + ϕ
′
0δϕ
′ − a2δϕV (ϕ),ϕ
]
. (43)
4 Equation for scalar perturbations
We obtain the equations of motion for classical cosmological perturbations
from the linearized Einstein equations. Comparing Eqs. (35) and (42) we
get that Φ = Ψ if i 6= j. Then, the three resulting equations are
∇2Φ− 3HΦ′ − (H′ + 2H2)Φ = 3
2
l2
(
ϕ′0δϕ
′ + V,ϕ a
2δϕ
)
, (44)
Φ′ +HΦ = 3
2
l2ϕ′0δϕ, (45)
Φ′′ + 3HΦ′ + (H′ + 2H2)Φ = 3
2
l2
(
ϕ′0δϕ
′ − V,ϕ a2δϕ
)
, (46)
after equating the {00} components of the linearized Einstein equations,
equation (11) is used to get Eq. (43). Equation (7) in conformal time can
be written as
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V,ϕ0
ϕ′0
= − 1
a2
[
ϕ′′0
ϕ′0
+ 2H
]
. (47)
Subtracting Eq. (44) from Eq. (46), replacing δϕ from Eq. (45), and
using Eq. (47); we get
Φ′′ −∇2Φ + Φ
[
2H− 2ϕ
′′
0
ϕ′0
]
+ Φ
[
2H′ − 2Hϕ
′′
0
ϕ′0
]
= 0. (48)
which can be express as
Φ′′ −∇2Φ + 2 (a/φ′0)′ (a/ϕ′0)−1Φ′ + 2ϕ′0 (H/ϕ′0)′Φ = 0. (49)
or,
u′′ −∇2u− z
(
1
z
)′′
u = 0, (50)
defining u = (a/ϕ′
0
) Φ and z = (aϕ′0)/H.
Equation (50) describes the evolution of perturbations classically, and can
be used to study post-inflationary evolution after horizon crossing. To study
perturbations inside horizon, it is necessary to quantize the perturbations,
which is valid if we start from an action formalism [8]. But, one could also
start from (50) and arrive to the equation describing perturbations inside
horizon as Deruelle [20] shows.
Thus, following Deruelle prescriptions consider the gauge invariant vari-
able (which arises from Mukhanov derivation)
v = a
[
δϕ+
ϕ0Φ
H
]
, (51)
and its relations with u given by
v =
2
3l2
(
u′ +
z
′
z
u
)
, (52)
differentiating (52) with respect to conformal time and using (50) we find
that,
∇2u = 3
2
l2z
(v
z
)′
. (53)
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Taking ∇2 of (50),
∇2(u)′′ −∇2(∇2u)− z(1/z)′′∇2u.
then substituting (53) here
[(
v′ − z
′
z
v
)]′′
−∇2
[
z
(v
z
)′]
−
(
2z′
z2
− z
′′
z
)(
v′ − z
′
z
v
)
= 0,
which after solving we find that,
z
(
v′′ −∇2v − z′′
z
v
z
)′
= 0.
Thus,
v′′ −∇2v − z
′′
z
v = z × cons (54)
but cons 6= 0 do not describe small perturbations, remaining
v′′ −∇2v − z
′′
z
v = 0, (55)
in the Fourier space it is obtained that the mode vk with wave number k
satisfies the differential equation
v′′k +
(
k2 − z
′′
z
)
vk = 0, (56)
with the asymptotic condition, coming from quantization, that the modes
are initially plane waves for scales of length less than the Hubble horizon
lim
η→−∞
vk → 1√
2k
e−ikη. (57)
5 Conclusions
In this work we have done the study of scalar cosmological perturbations.
We have explicitly made the calculations of the Christoffel symbols and the
tensorial quantities in function of the cosmic time t. We have solved the lin-
earized Einstein equations and the scalar cosmological perturbation equation
has been derived.
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